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The effect of torsion on instability in the form of the formation of a neck in a stretched rod in the shape of a circular cylinder
is investigated. The stability is considered using the three-dimensional equations of neutral equilibrium of an isotropic
incompressible solid. The subcritical state is described by the exact solution of the problem of the non-linear theory of elasticity
regarding the equilibrium of a twisted and stretched cylinder. After separating the variables, the equations of neutral equilibrium
are reduced to a system of ordinary differential equations, which are solved numerically. Numerical results are obtained for a
Biderman material and a material with a power dependence of the specific energy on the deformation. A region of stability is
constructed in the plane of the loading parameters, which are the longitudinal elongation and the angle of torsion. This region
is compared with the region of convexity of the energy per unit length of the twisted and stretched cylinder. © 2005 Elsevier
Ltd. All rights reserved.

1. THE EQUILIBRIUM OF A CYLINDER IN THE SUBCRITICAL STATE

The isochoric deformation of the torsion and extension (compression) of a continuous circular cylinder
[1] made of isotropic incompressible elastic material, is given by the relations

R=aoa"r, @ = o+yz, Z=o0z, o,y = const (1.1

Here r, ¢, z are cylindrical coordinates in the reference configuration, R, ®, Z are cylindrical coordinates
in the actual configuration, o is the extension coefficient along the cylinder axis, and v is the angle of
torsion per unit length. The expressions for the measures of deformation and invariance, corresponding
to (1.1), will have the following form

F = a‘leReR + f(R)egeq + QYR (egpe, + €584) + azezez
(1.2)

g = o(ezey +egey) — WR(ege, +e,e4) + (x_lf(R)ezez

I, = 207" +a2+\|12R2, I, = 2a+oc"2+a"w2R2, f(R) = oz"+\|12R2 (1.3)

In these formulae e, e4, € is the orthonormalized vector basis of cylindrical coordinates in the actual
configuration, g is the Almansi strain measure, F = g™ is the Finger strain measure, and I; and I, are
the first and second invariants of the tensor F (the third invariant is equal to unity in view of the
incompressibility condition).

The constitutive relation for an isotropic incompressible elastic solid [1] has the form

T = x,(I,, L)F -%,({,, I,)g - pE

ow oW (1.4)
¥, (I, 1,) = 24—, x,(I,,],) = 2=
1y, 1) ol 21y, 1) oI,
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Here T is the Cauchy stress tensor, E is the unit tensor, p is the component of the stress in the incompres-
sible solid, not determined by the strains, and W(I 1,) is the specific potential energy of deformation
of the elastic cylinder. ‘

It follows from relations (1.2) and (1.4) and the equilibrium equations that the torsional stresses Tz
and Tge are equal to zero, while the remaining components of the tensor T in the eg, €4, €z basis depend
only on the coordinate R. ’

In the case when the side surface of the cylinder is unloaded, the expressions for the stresses and the
function p have the form ‘

Ry
Cp = —WZIK1(P)PdP’ R,y = a_m"o, Cp = 0’1&"“!’2“f1(R)R2
R
6, = (0’ - oYk (R) + [o— & F(R)]KH(R) + Op (1.5)

Tez = YR[OK(R)+K,(R)], p(R) = oc'lKI(R)—aKZ(R)-cR

where ry and R, are the radii of the cylinder before and after deformation respectively. The values of
the functions k;(R) are obtained after substituting relations (1.3) into the expressions for x;(/1, I5).

The stresses acting in any transverse section of the cylinder reduce to a longitudinal force P and a
torsional moment M. For a specified material, the quantities P and M will be certain known functions
of the parameters o and v, defined by the formulae

RO RO
P(0,y) = 21 [0,(R)RAR, M(0,y) = 2x | To(R)R’dR (1.6)
0 0

2. THE LINEARIZED EQUILIBRIUM EQUATIONS

We will consider a perturbed equilibrium state, infinitesimally close to subcritical and existing under
the same external conditions. The position of the particles of the solid in the perturbed state is given
by the radius vector R + nw, where R is the radius vector in the subcritical state, w is the vector of
additional displacements, and 1 is a small parameter. The linearized equilibrium equations of the
incompressible solid, which describes the perturbed state and also the so-called equations of neutral
equilibrium, have the form [1, 2]

. . d
Ve=0 06=T-(Vvw' T, T =|ZL1T(R 2.1
(Vw) TR ew] @1)

v 9 ) 0
V-w= O, V = eRaR+e¢R—a—6+eZa—-Z (22)

Here O is the linearized Piola stress tensor and V is the nabla operator in the subcritical deformation
configuration of the cylinder. Equation (2.2) is the linearized condition of incompressibility. The linearized
boundary conditions on the side surface of the cylinder

€-®=0 for R=R, 23)

express the fact that there is no surface load in the perturbed state.
. Taking relation (1.4) into account, the expression for the tensor ® becomes [3]

0 = k,(R)F - Vw+1,(R)[(VW) - g+g- (VW) +(Vw) - gl +
+p(RY(VwW) +xF-x,g+gE (24)

Ki

= 2, (R)r(F - Vw) = 2x;,(R)tr(g - Vw)
dx;

K = ZlTl’ g=-p; i,j=12

i

(2.5)
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To determine the function k;(R) we must substitute the values of the invariants of the Finger strain
measure F into the expressions for the derivatives 0x;(l, 1,)/01;.
We will represent the vector w in the basis of cylindrical coordinates as follows:

W = uep+ ey +wey
Substituting expression (2.4) into Eq. (2.1) and adding condition (2.2), we obtain a system of four

partial differential equations in the four unknown functions u, v, w and g. This solution allows of solutions
of the form

u = UR)cos(n®+AZ), v
w = W(R)sin(n® +AZ), ¢

V(R)sin(n® + AZ)
O(R)cos(n®+AZ); n=0,1,2,... (2.6)

1t

Here A is a real number. The integral parameter n defines the form of the loss of stability of the cylinder.
For example, the case n = 0 corresponds to an axisymmetric form of the loss of stability, while n = 1
corresponds to the rod form. Other values of this parameter correspond to forms of more complex
structure.

Using relations (2.6) in the equations of neutral equilibrium and the boundary conditions (2.3), the
variables ® and Z can be separated, and we obtain a boundary-value problem for the system of four
ordinary differential equations in U, V, W and Q.

If we put A = mm/l (m = 1,2, ...), where [ is the length of the deformed cylinder, then, as was shown
earlier in [3], the solutions (2.6) will correspond to the following conditions of the clamping of the ends
of the cylinder:

when n = 0 the cylinder is fastened by two smooth plates;

when n = 1 there is a hinged support for displacements in the direction of the y axis and a sliding
clamp for displacements along the x axis.

3. A BIDERMAN MATERIAL

We will consider the model of a Biderman material [4], the specific potential energy of deformation of
which is given by the relation

W, 1,) = do(l,~3) +d,(I, - 3) +d,(I, - 3)* +dy(I, - 3)° )

dy, d,, d,, dy = const '
In this case

K, (I, 1) = dy +2dy(1, - 3) + 3dy(1, - 3)%, %,(I, 1) = d

The sufficient conditions for the Hadamard condition to be satisfied for this material have the form
S, 6]

dy20, d,20, dy20, d +d;20, 3d,+ /15d,dy20 (3.2)

Consider the case when dy = 0. Then x, = 0, and the system of equations (2.1), (2.2), taking relations
(2.6) into account, can be written as follows:

K 2K RS AT AT
p+-—-+-—2-)U H P Attt — U+
o R aR o g’

+(—£~[i+'%l+aky}xl+2[§—§]—2—'+2—§;—;—1]U+

+(r_z£+2f1‘(11)v.+ _Q_zfl'(l+2|:£1+_J:_1__M]K“+2f1'<'11 Ve
o R R o oR R o
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+(ph+ 2y )W' + 27([1 - af]% + K'“)W+ Q=0

_(’_'L’.,._z_f_‘ﬂl)y' ( P P 2flK1 2f1fK11)U+f_1V,.+
R o R 2" R "TR a
(3.3)

WL\ T I R nph no.
+(aR+a)V_[E+F {R +aky}1c,+2f1K|J (R +2ayf,K,DW—EQ-O

~(ph+2yx,)U' - (px#’?» ZO‘YII;KH)U ("p}”+2ayflxu)v+

K, (K1, K1), 2 /i -
+-&—W +(a—k+a)W—(pl +[ +aky]1c,+2aylc“)w AQ =0

- n _
U+RU+RV+LW—0

Y= wyn+ak, f(R)= f(R)"+a\|;R?»

The boundary conditions on the side surface R = R, take the form

IR ASTA T 2 AT 2f1 1
(p+—(—1— )U oR, Ut ——V+2yx W+Q =0
. (34)
pn Py - e o
ROU VgV =0, pAU-gW =0

Eliminating the unknown functions W and Q from Eqs (3.3), we obtain a system of six first-order
equations, written in matrix form

{p,u,uo, v, v, v}, n=20

{ug, v, U, vV,v,v'}, n>0 (35)

X+ARX =0, X= {

where X is a column vector of the unknown functions and A(R) is a matrix of the coefficients of the
system.

To solve system (3.5) we need three more boundary conditions, which can be obtained by requiring
that the functions U, V, W and Q and their derivatives are bounded for R = 0 (in the case whenn > 2
we can take any three conditions of the four, indicated in (3.6)):

n=0:U00)=U00)=V(0)=0

1:U0)+V(0) =0, UO0)=V(0)=0
2:U000) = V() =0, UO)+V(0)=0

(3.6)

n
n>2:U(0) = V(0) = U'(0) =V(0) =0

System (3.5) can be solved by the finite-difference method [3].

The results presented below were obtained for a cylinder with a diameter/length ratio of 0.1 in the
undeformed state. All the curves are symmetrical about the y, = 0 axis, and hence only the region
o = 0 is shown. On each curve we show the value of the parameter m to which it corresponds.

In Fig. 1 we show bifurcation curves in the plane of the parameters o and vy = yr, for a Biderman
material with the set of constants dy = 0, d; = 27, d, = —60 and d3; = 80 for an axisymmetric form of
loss of stability (n» = 0) and for a rod form of instability (n = 1). No loss of stability of more complex
form (n > 1) is observed for this material. In the axisymmetric case bifurcation of the equilibrium only
occurs for the first few values of the parameter m (in this case form = 1, 2, ... , 16), whereas for the
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rod form of loss of stability the bifurcation curves exist for any m. Intersections of the curves with the
o axis give the bifurcation points for simple extension of the cylinder.

For simple extension, we obtain only the axisymmetric form of loss of stability (the formation of a
neck), where all the bifurcation points lie on the descending part of the diagram of the stretching force
P against the extension coefficient o.

This fact is not fortuitous, but is a property characteristic not only of the Biderman model but also
of any incompressible isotropic material. The following theorem holds.

Theorem. Suppose the following conditions are satisfied:

(1) an isotropic incompressible material satisfies the Hadamard condition [1];

(2) a set I" of the semi-axis o > 1 exists, on which the stretching force P(c) is a non-decreasing function
of the axial lengthening of the cylinder.

Then, where o € I the second variation of the potential energy of the elastic cylinder is strictly positive
‘on any virtual non-rigid shift from a state of simple extension

R=o0" @= 0, Z=o0z

which denotes that there are non-trivial solutions of the linearized boundary-value problem (2.1)-(2.4)
when y = 0 and stability of the stretched cylinder to small perturbations.

Proof. Expression (1.6) for the stretching force, taking solution (1.5) into account, can be written as
P = mrio- ofz)(lcl +07'K,) 3.7

. Hence, by finding the derivative dP/da, we obtain the condition for the stretching force P(a). to be
non-decreasing

(a2+g)t<, 3 K2+2(a— 1) (o Ky + 200K, + Kp0) 20 ’ (3.8)
o o’ a
The second variation of the potential energy of the elastic body has the form [2]
4 T
8 = 2 [[[wR+nw)av|. _, = [[[0-Vw av
Lfwmamano - ]
Hence, using relations (1.2), (1.3), (2.4) and (2.5), we obtain
du v v . du \?
o = HJ[( v (5 +25R) + (R 5+ ) )
I K ow  du ow 92 3 ou\:  (ov)?
¥ a( G az) (e 52) +@-0(5) + () )+

. ((az . Q)Kl NN 2(a _ &1_) (0K, + 20k, + Kzz))@—‘—;)z}dv (39)
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According to results obtained previously [5], the inequalities
K + oc”lcz 20, a'lxl +oK,20

follow from the Hadamard condition, where «; + o/ ', > 0 can only be equal to zero when o = 1, which
can be seen from expression (3.7) for the stretching force. Then, from expression (3.9) when o, e T
(i.e. when condition (3.8) is satisfied) we obtain that §T1 > 0 for any w, where the equality is only possible
for vector fields with components of the form

U= uy+uyR+u,® v=10+0R+0,0, w=wy+wZ

where u;, v, w; (i = 0, 1, 2; j = 0, 1) are certain constants. But, since the displacement field w must
satisfy incompressibility condition (2.2) and the kinematic constraint eg - W/g - g, = 0, while the components
u and v must satisfy the condition u|g - ¢ = V|g = = 0, we must have uy = u; = uy = vy = v, =
wy =0, i.e.w = {0, v1R, w}, which corresponds to rigid displacement and rotation of the body, which
is of no interest here.

The theorem is proved.

In the case of the plane deformation of a rectangular beam made of incompressible isotropic material,
it was proved previously [6] that there are no mixed forms of equilibrium on the rising part of the rod
stretching diagram.

For a cylinder of Biderman material with the above-mentioned values of the constants dy, d;, d, and
ds, the set I consists of the section 1 < o < 1.206 and the ray o = 1.206. The section 1.206 < o < 1.269
corresponds to the falling part of the stretching diagram, on which, according to Fig. 1, a loss of stability
is possible.

The potential energy per unit length of the stretched and twisted rod is given by the formula

My(a, y) = 2x[rW(I,, I,)dr (3.10)
0

Expressions (1.3), which follow from (1.1), must here be substituted as /; and /,. Using (1.4), (1.6) and
(3.10), and also solution (1.5) of the problem of the torsion and stretching of a circular cylinder, we
can prove that the following relations hold

P(o, y) = dlly(a, y)/da, M(a, y) = Il (o, W)/oy (3.11)

Using expressions (3.11), the condition for strict convexity of the energy per unit length of the rod
as a function of the axial extension and the angle of torsion can be represented in the form of the Drucker
postulate [7], i.e. the requirement that the work of the increments of the generalized forces on small
increments of generalized displacements must be positive

dPdo + dMdy >0 (3.12)

For simple extension, when y = 0, inequality (3.12) is satisfied on the rising parts of the stretching
diagram and is equivalent to the condition that the function of one variable, ITy(a), is strictly convex.
As was established above, loss of stability of the stretched cylinder is only possible on the falling parts
of the stretching diagram, i.e. outside the region where the energy per unit length is convex. In this
connection, it is of interest in the more general case of a twisted and stretched cylinder, to compare
the region of strict convexity of the function Iy(c, W) in the plane of the parameters o, y with the region
of stability determined by solving the linearized homogeneous boundary-value problem (2.1)—(2.4). This
comparison is shown in Fig. 2, where the dark region is the region of instability, while the region in
which the potential energy ceases to be convex is shown hatched. It should be noted that the hatched
region is somewhat wider than the closed region of axisymmetric instability and completely encloses
it. The region in which the convexity of the energy breaks down and the region of axisymmetric instability
differ very little and hence are indistinguishable in Fig, 2.

For combined loading of the cylinder by a stretching force and a torsional moment, the axisymmetric
forms (n = 0) of equilibrium bifurcation can only exist in the hatched region, where the property of
energy convexity ITy(o, w) is lost. However, the rod form of instability (n = 1), as can be seen from
Fig. 2, occurs in the region where the function Iy(e, v) is convex.
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Analysing the stability region, we can conclude that, using torsion, one can circumvent the instability
region and achieve greater elongation without loss of stability than for simple extension. For cylinders
with a different diameter/length ratio the stability region differs only slightly from that presented above.

4. A POWER-LAW MATERIAL

We will consider the model of an incompressible material proposed previously in {8]. The specific
potential energy of deformation of this material is given by the relation

W, L) = d(1,-3)°, d>0, B212 @.1)

For values of P close to 1/, the stretching diagram of the material (4.1) differs very little from the
diagram of a rigidly plastic solid.

The value of the material constant d does not affect the stability region in the plane of the parameters
o, Yo, so we will henceforth assume d = 1.

As calculations show, for the given model of the material only the axisymmetric form of loss of stability
exist. In Fig. 3 we show bifurcation curves for the case when B = 0.51 and p = 0.45. Unlike a Biderman
material, for this model in the axisymmetric case, equilibrium bifurcation occurs for any value of the
parameter .

Comparing the region of convexity of the potential energy per unit length and the stability region
presented in Fig 4, for B = 0.54, we see that for large angles of torsion in the part of the region where
the energy is convex, one obtains the axisymmetric form of loss of stability. At the same time, these
regions almost coincide, and hence the region of energy convexity, which is fairly easy to construct, can
be used as an approximation of the stability region. It is worth nothing that the accuracy of the
approximation for large angles of torsion decreases as the power [ increases.

Analysing the stability region we can conclude that for this. model of the material, unlike a Biderman
material, the greatest elongation of the cylinder without loss of stability occurs for pure extension, while
additional torsion only gives rise to a loss of stability at an earlier stage of extension.
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For cylinders with a different diameter/length ratio the stability region, as in the case of a Biderman
material, differs only slighitly from these presented above.
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